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Abstract. Our previous theorems on exponential sums often did not apply 
or did not give sharp results when certain powers of a variable appearing in 
the polynomial were divisible by p. We remedy that defect in this paper by 
systematically applying "p-power reduction," making it possible to strengthen 
and extend our earlier results. 



1. Introduction 

In the papers [!]-[!] we established properties of the L-functions of exponential 
sums on afhne space A™ and the torus T". The purpose of this article is to prove 
a general result that leads to a sharpening of the theorems of those papers. 

Let p be a prime, let q — p r , and let F g be the field of q elements. Let / 6 
Wglxf 1 , . . . , x^ 1 ] be a Laurent polynomial, say, 

(i.i) / = E a ^' 

where dj £ F* and J is a finite subset of Z™. Let Z(J) be the subgroup of Z n 
generated by the elements of J. By the basic theory of abelian groups, there exists 
a basis ui, . . . , u n for Z™ and integers di,...,dk such that diui, . . . , dkUk is a basis 
for Z(J). After a coordinate change on T™, we may assume that Ui, . . . , u„ is the 
standard basis. The Laurent polynomial / may then be written in the form 

f = g(xi\...,x d k *) 

for some g £ Fgfef 1 , . . . , a;^ 1 ]. Write di = p bi ei for each i, where bi > and (e,,f>) — 
1. Since raising to the p-th power is an automorphism of ¥ q , the exponential sums 
associated to the polynomials / and gix^ 1 , . . . , x e ^) are identical. Furthermore, the 
theorems of [!]-[!] generally produce sharper results when applied to g(x e i , . . . , xt k ) 
than when applied to /. (Thus there is no improvement over our earlier work if 
p \ [Z fc : Z(J)].) We refer to g{x e ^ , . . . , x^) as the p-power reduction of /. 

Over A™, the technique of p-powcr reduction is less versatile because one cannot 
make the same sorts of coordinate changes. One has a standard toric decompo- 
sition of A™, A™ = Uac{i n} T ^ A i wnere denotes the A \ -dimensional torus 
with coordinates {xi}i^A- Given / £ ¥ q [x\, . . . , x n ], one can try to analyze the 
corresponding exponential sum on A n by analyzing its restriction to each of these 
tori, but the picture is complicated by the fact that p-power reduction may require 
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different coordinate changes on different tori. It thus seems worthwhile to general- 
ize our previous results to apply directly to the polynomial as given, to avoid the 
task of performing p-power reduction on a case-by-case basis. 
Let Mj be the prime-to-p saturation of Z(J), 

Mj = {u £ Z™ | ku G Z(J) for some k G Z satisfying (k,p) = 1}, 

and let K( J) denote the subspace of K" spanned by the elements of J. We will get 
a strengthening of our earlier results when Mj is a proper subset of Z" Hl(J}. Let 

[Z"nR(J) :Z(J>] =p a e, 

where a > and (e,p) = 1. Then 

(1.2) [Z™ nl( J) : M,,] =p a , 

so Mj ^ Z™ n R( J) if and only if a > 0. 

Part of the motivation for this work was a desire to understand a theorem of 
Katz[10| Theorem 3.6.5] from our point of view. Suppose that / £ F 9 [xi, . . . ,x n ] is 
a homogeneous polynomial of degree d = p k e, (e,p) — 1, k > 1. Katz showed that 
if / = defines a smooth hypersurface in P™ _1 , then the L-function associated to 
the exponential sum defined by / (see Section 2 for the definition) is a polynomial 
(n odd) or the reciprocal of a polynomial (n even) of degree 

1 

pk 

all of whose reciprocal roots have absolute value q n l 2 . Note that in this situation 
[Z™ : Mj] — p k . Our earlier results ([3]) do not apply to polynomials of degree 
divisible by p. However, we show here that when Mj is a proper subset of Z™ 
one can weaken the definition of nondegeneracy used in [5] and still deduce con- 
clusions analogous to those of that article. In particular, we show that the above 
theorem of Katz is true as well for non-homogeneous polynomials, provided that 
the homogeneous part of highest degree defines a smooth hypersurface in P n_1 and 
[Z™ : Mj] = p k . In other words, the conclusion remains true when one perturbs the 
smooth homogeneous polynomial by adding arbitrary terms of degrees p k e' , e' < e. 

This generalization of Katz's theorem (Proposition 5.1 below) will be derived 
as a consequence of Theorem 4.20. Another consequence of that theorem is the 
following result. Consider the Dwork family of hypersurfaces 

£™ H h x\\ + Axi . . . x n = 

in P™ -1 . If n = p k e, where k > 1 and (p, e) = 1, and A / 0, this hypersurface is 
singular (except for n = 2, 3). We show (Corollary 5.9 below) that the zeta function 
of this hypersurface has the form 

z( t ) = m^ll 

u (i-t){i- q t)...(i- q ^-ny 

where R(t) is a polynomial of degree 

{ P k - IK" 1 + e-\{e - l) n + (-l) n (e - 1)) 

all of whose reciprocal roots have absolute value g("~ 2 )/ 2 . 

As another example, we strengthen the classical theorem of Chevalley- Warning. 
Let / = J2je.J a i x ^ e ^q[ x li- - ■ , x n] and let N(f) denote the number of solutions 
of / = with coordinates in ¥ q . Let N denote the nonnegative integers, let N+ 
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denote the positive integers, and let J' = {(j, 1) £ N" +1 | j £ J}. Let A(J') denote 
the convex hull of J' U {(0, . . . , 0)} in R rl+1 . 

Theorem 1.3. Let /i be the smallest positive integer such that /iA( J'), the dilation 
of A(J') by the factor \i, contains a point of Mj> PI (N+)™ +1 . Then ord q N(f) > 
H — 1, where ord g denotes the p-adic valuation normalized by ord q q= 1. 

For example, the equation Ym=i x i ' = nas solutions: since raising to the 
p-th power is an automorphism of ¥ q , one can assign arbitrary values to x\, . . . , x„_i 
and there will be a unique value of x n satisfying the equation. One checks that 
Mj, = Z(J') is the lattice generated by the {(0, . . . , 0,p k % 0, . . . , 0, l)}f =1 , so /i = n 
and Theorem 1.3 gives the precise divisibility by q. 

For a more subtle example, let p — 3, n = 3, and consider the polynomial 

i 2 i 2,2 

f = XxX 2 + x 2 x 3 + X^s. 

The lattice Mji = Z(J') is the rank-three sublattice of Z 4 with basis the vectors 
ui = (1, 2, 0, 1), u 2 = (0, 1, 2, 1), u 3 = (2, 0, 1, 1). The only point of A(J') n (N+) 4 
is (1, 1, 1, 1) and one has 

(1-4) (1,1,1,1) = i(u 1+ u 2 + u 3 ), 

thus (1,1,1,1) ^ Mj>. It follows that fj, > 1, so Theorem 1.3 implies that N(f) 
is divisible by 3 r . (In fact, u x + u 2 £ Mj, n (N+) 4 , so ^ = 2.) On the other 
hand, since the degree of / equals the number of variables, the classical Chevalley- 
Warning Theorem does not predict the divisibility of N(f) by 3. If we take the 
same polynomial / but assume p ^ 3, then (1.4) shows that (1, 1, 1, 1) G Mji, so 
[i = 1 and Theorem 1.3 does not predict any divisibility by p. 

The first main idea of this paper is that when computing the action of Dwork's 
Frobenius operator, which gives the L-function of the exponential sum on the torus, 
one can ignore the action of Frobenius on power series whose exponents lie outside 
of Mj since such power series contribute nothing to the spectral theory of Frobe- 
nius. This idea is explained in Section 2. The second main idea is the notion of 
nondegeneracy relative to a lattice, which is introduced in Section 4. It guarantees 
that the p-power reduction of / will be nicely behaved. This leads to precise formu- 
las for the degree of the L-function and the number of roots of a given archimedian 
weight. 

2. Trace Formula 
Let : ¥ q — > Q(Cp) be a nontrivial additive character and define 
S m (T n ,f)= *(Tr FWF ,(.f(x)),) 

xeT"(F„ m ) 

where Tr ¥qm / ¥q denotes the trace map. In the special case where / £ F g [xi, . . . , x n ], 
we can also define 

5 m (A",/)= Yl *Cnv./F 4 (/(aO)). 
There are corresponding i-functions 

(°° j-m \ 

J2S m (T n ,f)—) 
m=l ' 
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and 

/ 00 «\ 
L(A",/;*)=expf ^ <? ro (A",/) — ). 

^ m=l ' 

Let Q p denote the field of p-adic numbers and Z p the ring of p-adic integers. 
Set Sli = Qp(Cp)- Then ill is a totally ramified extension of Q p of degree p — 1. 
Let X denote the unramified extension of Q p of degree r and set f^o = K(( p ). The 
Frobenius automorphism x ^> x p of Gal(F g /F p ) lifts to a generator r of Gal(f2o/^i) 
by setting r(£ p ) = C p . Let fi be the completion of an algebraic closure of ilo- Let 
"ord" denote the additive valuation on fl normalized by ordp = 1 and let "ord 9 " 
denote the additive valuation normalized by ord 9 q = 1 . 

Let E(t) = cxp(^°^ i p /p l ) be the Artin-Hasse exponential series. Let 7 £ fii 
be a solution of ^ lv % — satisfying ord 7 = — 1) and set 

00 

= £( 7 t) = ]T efii [[*]]. 

i=0 

The series 0(i) is a splitting function in Dwork's terminology and its coefficients 
satisfy 

(2.1) ordA 4 >— ^— . 

P - 1 

Define the Newton polyhedron of /, denoted A(/), to be the convex hull in R™ 
of the set J U {(0, . . . ,0)}. Let C(f) be the cone in R" over A(/), i. e., C(f) is 
the union of all rays in R" emanating from the origin and passing through A(/). 
For any lattice point u £ C(f) n Z™, let w(u), the weight of u, be defined as the 
smallest positive real number (necessarily rational) such that u £ w(u)A(f), where 
w(u)A(f) denotes the dilation of A(/) by the factor w(u). Then 

»:C(/)nz^iz 

for some positive integer N. We fix a choice 7 of iV-th root of 7 and set f2 = ^0(7); 
fli = ^1(7). We extend r £ Gal(fi /^i) to a generator Gal(fio/^i) by setting 
T (l) — 1- Let O be the ring of integers of fi . 

Let M be a lattice such that Mj C M C Z n n R(J), let L = Hom z (M,Z), and 
let £ £ L. We extend f to a function on Z™ n R(J) as follows. For «eZ"n R(J) 
we have p a u S M by (1.2), so we may define 

£(u) = p- a e( P a u). 

This definition identifies L with a subgroup of Homz(Z™ ntt(J),p"°Z). Define 

Af (/) = {« 6 Z" n C(/) I ord^(u) > for all t £ L.} 
Note that M (/) = Mfl C(/). For i > let 

Mi(f) = {u£Z n f) C(f) I inf {oid£(u)} = -*}. 

Note that since L has finite rank, the infimum over L always exists. Furthermore, 
we have Mj(/) = for i > a and 

a 

z n nC(f) = \jM i (f). 

i=0 
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We consider the following spaces of power series (where b € K, b > 0, c G R, and 
< i < a): 

Li(b,c) = l A u x u \A U GQ , ovdA u >bw(u) + c\ 

^u£M,(/) > 

Li(b)= []L t {b,c) 



Bi = { A ul Nw(u) x u \A u eO , i^Oasw^ ooj 

B[ = | ^ A^^z" I A u e n , A„ -> as u -> ooj 



' u€M((/) 

We also define c), -B, -B' as the unions of these spaces for i = 0, . . . , a. 

Note that if b > l/(p - 1), then Lj(6) C S 4 ' and for c > 0, Lj(6, c) CB,. Similarly 
L{b) C B' and for c > 0, c) C _B. Define a norm on B i; i = 0, . . . , a, as follows. 
If 

ueMi(f) 

then set 

||£||= sup |A„|. 

ueMi(f) 

One defines a norm on i? in an analogous fashion. 

Let / = Q-3 X ^ be the Teichmiiller lifting of /, i. e., a q - = aj and the reduction 

of / modulo p is /. Set 



F(x) = J] G(ajxn, 



jeJ 

r-l 



Fo{x) = Y[F r \^). 



i=0 



The estimate (2.1) implies that F(x) and F (x) are well-defined and satisfy 
We define the operator i/> on series by 



Clearly ip(L(b,c)) C L(pb,c). 
Lemma 2.2. For 1 < « < a we Ziaue 

ip(Li(b,c)) C L i+1 (6,c) 

and /or i — a we have 

V(£„(6,c)) = 0. 

Furthermore, the same assertions hold with Li(b,c) replaced by B[. 
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Proof. Let £ 6 L and pu E Mj(/). Since ord£(pu) > —i, it follows that ord^(u) > 
—i — 1. By definition of M,(/) the first inequality is an equality for some £ E L. 
The second inequality is then an equality also for that £, hence u 6 Mj+i(/). □ 

The operator a = V' 1 * ° -Fb is an i7o-linear (resp. fio-linear) endomorphism of 
the space F' (resp. L(6) for < b < p/(p — 1)). Furthermore, the operator ao = 
t _1 o ip o Fo is an Sli-linear (resp. fii-linear) endomorphism of B' (resp. L(b) for 
< b < p/(p — 1)) and is an fio-semilinear (resp. fio-semilinear) endomorphism of 
B' (resp. L(b) for < b < p/(p — 1)). It follows from SerrefTJ] that the operators 
a m and a™ acting on B' and L(b) for < b < p/(p— 1) have well defined traces. In 
addition, the Fredholm determinants det(7 — to) and det(I — too) are well defined 
and p-adically entire. The Dwork trace formula asserts 

(2.3) S rn {T\f) = {q m -l)"Tr(a m ), 

where a acts either on B' or on some L(b), < b < p/(p — 1). (The nontrivial 
additive character implicit on the left-hand side is given by 

V(x) = 6»(1) t %/ f p (:e) .) 

Let S be the operator on formal power series with constant term 1 defined by g{t) 5 = 
g(t)/g(qt). Using the relationship det(I — to) = exp(— J2m=i Tr(a m )f m /to), equa- 
tion (2.3) is equivalent to 

(2.4) L(T n , f;t)(~ 1 ' >n ~ 1 = dct(7 - to) 5 " . 
Let r be the map on power series defined by 




Define a — T o a, an endomorphism of B' Q and Lo(b) for < b < p/(p — 1). The 
main technical result of this paper is the following. 

Theorem 2.5. If Mj C M , then as operator on B' Q and Lo(b) for < b < pj (p— 1) 

the map a satisfies 

S m (T\ f) = (q m -l)"Tr(5 m ). 

Equivalently, 

L(T\ /; = det(7 - to) 5 ". 

Proof. To fix ideas, we work with the space B' . Note that if u £ Mo(/) and 
v G Mi(f), 1 < i < a, then w + v e Mi(f). This shows that multiplication by F 
and F) are stable on B[ for i = 1, . . . , a. Lemma 2.2 then implies that a(F^) C B' i+1 
for i = 1, . . . , a — 1 and a(B' a ) = 0. It follows that any power of a acting on lJi=i B'i 
has trace 0, so on (Ji=i -^i we nave det(7 — ta) = 1. From [TH Proposition 9] we 
then get 

a 

det(7 - to | F') = det(7 - to | F'/ |J F 2 '). 

i=i 

Under the Banach space isomorphism B' = B' / Ui=i ^> ^^e operator a is identified 
with the operator induced by a on F'/1J" =1 F,'. This proves the theorem. □ 
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3. First applications 

In p] [2] we made use of the following idea. First we found p-adic estimates for 
the entries of the (infinite) matrix of the Frobenius operator a relative to the basis 
{x u | u G Z™ (~l C(/)} for L{p/{p — 1)). These estimates were expressed in terms of 
the weight function w (see [TJ Eq. (3.8)]). We then used the counting function 

W(k) = card{w G Z" n C(f) \ w(u) = k/N} 

to calculate the number of basis elements giving rise to matrix coefficients having a 
given p-divisibility. This allowed us to estimate the p-divisibility of the coefficients 
in the power series det(J— ta). Using (2.4) we were then able to deduce information 
about the exponential sum and its i-function. 

By Theorem 2.5, we can replace the operator a acting on L(p/(j> — 1)) by the 
operator a acting on L n (p/(p — 1)). The space L (p/(p ~ 1)) has basis {x u \ u G 
Mq(/)} and the corresponding counting function is 

(3.1) Wo(fc) = card-ju G M (f) \ w(u) = k/N}. 

One can then repeat the arguments of [U [2] with Wo(k) in place of W(k), which 
leads to sharper results. Typically one would take M = Mj to get the best esti- 
mates. 

For example, taking M = Mj and arguing as in [TJ Section 4] leads to the 
following result, which improves the first inequality of [TJ Theorem 1.8]. (One can 
similarly improve the second inequality of [TJ Theorem 1.8], but we have not worked 
out the details.) 

Theorem 3.2. The following inequality holds: 

< degi(T",/;0 ( ~ ir " < n\V(f)/[Z n : Mj], 
where V(f) denotes the volume of A(/) relative to Lebesgue measure on K™. 

Suppose now that / G ¥ q [x±, . . . , x n ] and let u>(f) be the smallest positive real 
(hence rational) number such that w(/)A(/), the dilation of A(/) by the fac- 
tor u>(f), contains a point of Mj n (N+) n . We prove the following strengthening of 
Theorem 1.2]. 

Theorem 3.3. If f is not a polynomial in some proper subset of {x\, . . . , x n }, then 

ord q S x (A n ,f)>u{f). 
As an example of Theorem 3.3, consider the polynomial 

f{x\,X2) = X\x\ + x\x\ + x\ 3 X2- 

If p ^ 5, then Mj = Z 2 ; so uj(f) = 7/25, which gives the estimate of [21 Theo- 
rem 1.2]. Theorem 3.3 gives an improvement when p = 5. In this case, 

Mj = {(ttijMa) G Z 2 | u\ + 6U2 is divisible by 25} 

so uj{f) = 1. 

Proof of Theorem 3.3. One can repeat the proof given in J5J Section 4]. The main 
point to check is that [U Eq. (3.13)] still holds when we replace the p-adic Banach 
space used there (namely, L(p/(p — 1))) by the Banach space L (p/(p — 1)) cor- 
responding to the choice of lattice M = Mj. It then follows that [21 Eq. (3.14)] 
holds when using the Banach space Lo(p/(p — 1)). This allows one to repeat the 
argument of [21 Section 4] mutatis mutandis. 
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For any subset A C {1, . . . , n}, let Ja be the polynomial obtained from / by 
setting Xi — for i £ A. Define 

L o,(A)(—^) = I Y AuXU eL °{ Au = if Ui ^ for somei 6 ^f- 

Let T A : L (p/(p - 1)) -> L ,(A)(p/(P - 1)) be defined by 

r A ( Y A » xU ) = E A » xU 



Ui — for i £ A 

and let a a denote the endomorphism Ta o a of £o,(A)(?V (p—1)). We need to check 
that (see [H Eq. (3.13)]) 

(3.4) S m (T l -\ A \j A ) = (q m ~ l)"- |A| Tr(a A | L 0i(A) (p/(p-l))), 

where \ A\ denotes the cardinality of A. Let J a C Z™ - '" 4 ' denote the set of exponents 
of /a: 

!a = Y a i x3 G ^q[{Xi}i$A\- 

The power series in £o,(A)(p/(p — 1)) have exponents in the lattice Mj n M™ - !" 4 '. 
By Theorem 2.5, Eq. (3.4) will hold provided M Ja C Mj n R n H A l. But this is 
clear. □ 

We derive a generalization of Theorem 1.3 from Theorem 3.3. Let f\, . . . , f r £ 
F g [xi, . . . , x n ] and let N(f±, . . . , f r ) denote the number of solutions in ¥ q to the 
system fx = ■ • • = f r = 0. Let yi,...,y r be additional variables and set 

r 

F = Yyih e ¥ q[ X 1> ■■■> x n,yi,-- -iVr]- 
i=l 

It is easily seen that 

S 1 (A n+r ,F) = q r N(f 1 ,...J r ). 

Applying Theorem 3.3 to F gives the following result, of which Theorem 1.3 is the 
special case r = 1. 

Corollary 3.5. ord g N(f lt . .. J r ) > oj{F) - r. 



4. NONDEGENERACY RELATIVE TO A LATTICE 

The results of [31 0] are cohomological in nature and require a more detailed 
development. Suppose that Z(J) has rank k. Let M be a lattice, Z(J) CMC 
Z™ fl K(J), and choose a basis of linear forms for L = Homz(M, Z). We 

define "differential operators" {-E^}^! on the ring F 9 [x u | u £ M] by linearity and 
the formula 

E u {x u ) = t i (u)x u . 
This definition is motivated by the fact that if we write 

n 

£i(ui, . . . ,U n ) = Y, a i] u h 
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where u — (ui, . . . ,u n ) £ M C Z n and the atj are rational numbers, and put 
Ee i = Sj=i cLijXjd / dxj, then in characteristic 

71 Pi 

3=1 Xj 

Let / be given by (1.1) and let a be a subset of A(/). Define 

je.lna 

We say that / is nondegenerate relative to (A(/),M) if for every face a of A(/) 
that does not contain the origin, the Laurent polynomials {-E^C/o-)}!^ have no 
common zero in (F* )™, where ¥ q denotes an algebraic closure of ¥ q . Note that 
the condition Z(J) C M guarantees that all f a lie in ¥ q [x u \ u £ M], so the 
Etiifa) are defined. Note also that this definition depends only on M and not on 
the choice of basis {ii]^ =l for L: any two bases for L are related by a matrix in 
GL(fc, Z). (We remark that this idea to replace the differential operators Xid/dxi 
by certain linear combinations with coefficients that are not p-integral appears in 
nascent form in Dwork[9], where it was needed to calculate the p-adic cohomology 
of smooth hypersurfaces of degree divisible by p.) 

The condition used in [3], that / be "nondegenerate relative to A(/)," is equiv- 
alent to the condition that / be nondegenerate relative to (A(/), Z™ nl(J)) in the 
sense of the present definition. We make the relationship between this definition 
and our earlier one more explicit. There is a basis ei, ...,e„ for Z n and positive 
integers d\, . . . ,dk, k < n, such that diei, . . . , d^ek is a basis for M. After a coor- 
dinate change on T™, we may take ej., . . . , e„ to be the standard basis for Z™. This 
implies that there exists a Laurent polynomial 

g = Y,b c x c £F q [xf 1 ,...,x± 1 }, 

where C is a finite subset of Z fe , such that 

(4.1) f(x u ...,x n )=g(xi\ 
Note that (4.1) implies 

(4.2) [Z(C> : Z( J)] = di ■ ■ ■ d k (= [Z n n R(J> : M]). 

Remark. When we choose M = Mj, it follows from (1.2) that each di is a power 
of p. In this case, the exponential sums associated to / and g are identical. 

Proposition 4.3. The Laurent polynomial f is nondegenerate relative to (A(/), M) 
if and only if g is nondegenerate relative to (A(g),Z fc ). 

Proof. Equation (4.1) implies that there is a one-to-one correspondence between the 
faces of A(/) and the faces of A(g). Specifically, the face a of A(/) corresponds to 
the face a' of A(<?) defined by 

a' = {{d^ l ux,...,dl l u k ) £ M fc | ( Ul ,...,u k ) £ a}. 

Furthermore, we have 

fa{xi, ...,X k ) = g^'iXi 1 ,. ■ -,X d k k ). 



■ ■■A h )- 
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Using tii, • • • ,Uk as coordinates on Z fc , we may take as basis for Homz(Z fc ,Z) the 
linear forms {^}f = i defined by 

t'i{ui, ...,Uk) = Ui 

and we may take as basis for L = Homz(M, Z) the linear forms {^»}* = i defined by 

£i(ui, ...,u k )= d^ 1 u i . 
It is straightforward to check that for i = 1, . . . , k, 

E li {f a )(x u ...,x k ) = E t , {g a , ) {xt 1 -..,x d k *). 
This implies the proposition. □ 

Lemma 4.4. Put [Z" n R{J) : Mj] = p a and let M C Z" n R(J) 6e a lattice 
containing Z(J). T/ien M C Mj i/ and only if p a | [Z™ n R(J) : M]. 

Proof. Suppose that p a | [Z™ n R(J) : M]. Then [M : Z(J)] = e' with (e',p) = 1. 
In particular, e'm € Z(J) for all m G M, so M C Mj. The other direction of the 
assertion is clear. □ 

There are restrictions on the lattices with respect to which / can be nondegen- 
erate. 

Proposition 4.5. Let M be a lattice, Z(J) C M C Z™ n E(J). 

(a) /// is nondegenerate relative to (A(/),M), fften M C Mj. 

(b) Suppose M C Mj. T/ien / is nondegenerate relative to (A(/),M) if and only 
if f is nondegenerate relative to (A(/),Mj). 

Proof. We may assume without loss of generality that Z(J) is a subgroup of Z" of 
rank n. For if rank(Z(J)) — k < n, then by (4.1) we may take / to be a Laurent 
polynomial in x\, . . . , x k , in which case Z(J) is a subgroup of Z™ n M(J)(= Z fc ) of 
rank k. 

We suppose M is not contained in Mj and prove that / must be degenerate 
relative to (A(/),M). By (4.2) and Lemma 4.4, we have p a \ [1(C) : Z(J)]. But 
p a | [Z™ : Z(J)j, so p | [Z n : Z(C>]. Arguing as in the proof of (4.1) then shows that 
there exists a Laurent polynomial 

h = J2^x e e¥ q [x^,...,xt 1 } 

such that 

(4.6) g(x!, ...,x n ) = h(x!, . . . , ir„_i, x p n ). 

To show / is degenerate relative to (A(/), M), it suffices by Proposition 4.3 to show 
that any Laurent polynomial g of the form (4.6) is degenerate relative to (A(g), IT 1 ). 

We must find a face a of A(g) not containing the origin such that {xidg a / dxi}™ =1 
have a common zero in (F£) n . Note that (4.6) implies that all x n dg a / dx n vanish 
identically. We assume that for every face a of A(g) not containing the origin 
and having codimension > 1, the Laurent polynomials {xidg a / 'dxi}™~± have no 
common zero in (F^) n . We then prove that for every face a of A(<?) not containing 
the origin and having codimension 1, the Laurent polynomials {xidg a / 'dxi}™Zi do 
have a common zero in (F* )". 
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Fix such a face a of codimension 1. By our hypothesis, for every proper face r 
of a, 

(4.7) {xidg T i tdxi}™^ have no common zero in (F£ ) n . 

We make a change of variable in order to apply a theorem of Kouchnirenko [TT] . 
First of all, the face a lies in a unique hyperplane H in W l . Choose a e Z" n H 
and set 

(pi — X Xi 

dxi 

for i = 1, . . . , n — 1. Put K = —a + (Jflr). Then each fa can be written in the 
form 

(4.8) &=$>£V. 

keK 

Note that if is contained in the hyperplane —a + H, which contains the origin. 
Choose a basis t>W, . . . ,b(" _1 ) for the rank-(n - 1) lattice Z™ n (-a + H) and 
set yi = x° { , Let B be the n x (n — l)-matrix whose columns are the b^'. 
Multiplication of vectors by B is an isomorphism from IR ra_1 onto the subspace 
—a + H of R ra which induces an isomorphism of the lattice Z™^ 1 onto the lattice 
Z" n {-a + H). From (4.8) we have 



(4.9) fa = j2a$ v x B * = J2^y v , 

v£V v£V 

where V = B- 1 (K) C Z"" 1 . 

The convex hull of K is —a + cr, so the convex hull of V is i? _1 (— a + a). For 
any face r of a, there are corresponding faces —a + t of the convex hull of K and 
B~ 1 (—a + t) of the convex hull of V. Set 

{fa)B-H- a +r) = a{ BvV V - 
v£Vr\B- 1 (-a+r) 

By (4.7), the {(fa) b- 1 (-u+t)}7=i have no common zero in (F^)™ -1 . It then follows 
from [Til 1-18 Theoreme Ill'(ii)] that the number of common zeros (yi, . . . , y n -i) 
of {fa}™=i in (F^)" _1 equals in — 1)! times the (n — l)-volume of the convex hull 
of V. In particular, the set of common zeros in (F* )™~ 1 is nonempty. 

Choose an (n— 1) X n integral matrix B' = (6^) such that B'B = I n -\. For any 
common zero (yi, . . . ,y n -i) G (F^ set 

for j — 1, . . . ,n. This gives x G (FJ )™ satisfying yi — x° M for i — 1, . . . , n — 1, 
so this x is a common zero of {xidg a /dxi}™~^ . Thus <? is degenerate relative to 
(A(g),Z n ), which establishes part (a) of the proposition. 

Now suppose that M C Mj. Choose a basis {e'''}" = j for Mj and integers 
d\, . . . , d n such that {(iie(^}™ =1 is a basis for M. By Lemma 4.4, p \ d\ ■ ■ ■ d n . Let 
{^i}™=i be the basis for Homz(Mj,Z) defined by 

£j(e^') = Sij (Kronecker's delta). 

Then {d^ £i}2—i is a basis for Hom^(M, Z). And since (di,p) = 1 for all i, the 
{Ei i (f a )}f_ 1 have no common zero in (F*)™ if and only if the same is true of the 
{E dT i i .(f IJ )} , l =1 . This establishes part (b) of the proposition. □ 
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By Proposition 4.5(a), we must have M C Mj if we hope to have / nondegenerate 
relative to (A(/), M). On the other hand, we must have Mj C M in order for the 
trace formula (Theorem 2.5) to hold for M. Thus the only practical choice for M is 
to take M — Adj. Recall from Section 2 that if g(t) is a power series with constant 
term 1, then g(t) s — g{t)/g(qt). 

Theorem 4.10. Suppose that Z(J) has rank k and that f is nondegenerate relative 
to (A(/),Mj). Then L(T\ /; = Pit) 5 ' 1 "" , where P(t) is a polynomial 

of degree kWjMjif) and VMjif) denotes the volume of A(/) relative to Lebesgue 
measure on R( J) normalized so that a fundamental domain for Adj has volume 1. 

Proof. One repeats the arguments of [3] with the modifications introduced for The- 
orem 2.5: replace L(h) and B' by L (b) and B' Q and use a in place of a. We recall 
some of these details as they are needed in the proof of Theorem 4.20 below. 
Let 

: o -> n a -» — > n n -» o 

be the cohomological Koszul complex on B' defined by the differential operators 
{Di}f =1 constructed in [3l Section 2]. The endomorphism a of B' constructed in 
Section 2 can be extended to an endomorphism a, of the complex f2* by noting 
that fl l = (B' )ti) and then defining cij : SI* — > 57* to be 

(4.11) ( g »-*a)G) : (B' )(D - (B' )(V. 
Theorem 2.5 is equivalent to the assertion that 

n 

L{T n ,f;t)=Y[det(I-tai | O*)^ 1 ^ 1 , 

i=0 

which implies that 

n 

(4.12) L(T", /; = jj det(J - ton | £P(n'))<- 1 >* + \ 

t=0 

Put i? = F 9 [a; u | m 6 Mq(/)]. The ring i? has an increasing filtration defined 
by the weight function w of Section 2: Fi/ N R is the subspace spanned by {x u | 
u>(u) < i/N}. Let _R = @%L Q R~i/N ^ e * ne associated graded ring, i. e., R\/n — 
Fi/ N R/Fu_i)/ N . Now suppose that / is nondegenerate relative to (A(/),Mj), 
let {£i}i =1 be a basis for L = Hom^(Mj,Z), and let Ei t {f) € Ri be the image 
in the associated graded ring of G F\R. The nondegeneracy hypothesis 

implies by the arguments of [IT] that {-E^ (/)}£=! is a regular sequence in R, i. e., 
the (cohomological) Koszul complex on R defined by (/)}£=! has vanishing 
cohomology except in top dimension. Furthermore, also by the methods of [llj . one 
can show that the single nonvanishing cohomology group has dimension k\ Vmj(/)- 

Since Mj C Z™, we may express the elements of L as linear forms in n variables. 
Write 

n 

£i(ui, u n ) = (/,,'/,. a,j € p~ a Z. 

Put Dg i = a-ijDj and let O* be the cohomological Koszul complex on £?q 

defined by {-D^jjLi- The Frobenius action on fi| is defined to be 

(q k - l ap:(B' p)-,(B' p). 
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The "reduction mod p" (see [3j Lemma 2.10]) of f2* is the Koszul complex on 
R defined by {E( i (f)} k =1 . The cohomological lifting theorem of Monsky (see [T3l 
Theorem 8.5] or [3j Theorem A.l]) then implies that the cohomology of 0| vanishes 
except in top dimension and that H k (Q,') has dimension fc! Vmj (/)■ But since 
{Dli}i=x are linear combinations of {-Dj}™ =1 and vice versa, it follows that (as 
Frobenius modules) 

where it is understood that the right-hand side vanishes if i < k. In particular we 
have H n (tt') H k (&l), hence 

det(/ - *5i | iP(ft')) = det(J - q n ~ l ta n \ P™(fT))(™-). 
From equation (4.12) we then get 

n 

(4.13) L{T\f-t) = JJdet(J | iJ"(^))(-^ +1 ("-9. 

If we put 

P(t) = det(J - ta n | P n (fT)) (= det(7 - | # fe (fi'))), 
then P(i) is a polynomial of degree k\ Vmj(/) and (4.13) implies that 

L(T",/;i)(- 1 > n - 1 =P(tf'-\ 
This completes the proof of Theorem 4.10. □ 

Assume the hypotheses of Theorem 4.10. The quotient ring 



R/{E tl (/),..., E ik (f)) 
is a graded ring of dimension fc! Vmj(J) over ¥ q . Put 



a t = dim Fg (P/(P £l (/), . . .,E ek (f))) i/N . 

One can show that a; = for i > kN . By either repeating the argument of [3] or 
replacing the polynomial / by the polynomial g{x e i l , . . . , x^ n ) constructed in the In- 
troduction and applying 3, Theorem 3.10], one obtains the following generalization 
of part of [31 Theorem 3.10]. 

Theorem 4.14. Under the hypotheses of Theorem 4.10, the Newton polygon of the 
polynomial P(t) relative to the valuation ord q lies on or above the Newton polygon 
relative to oid q of the polynomial Y\.i=o0- ~ q 1 / N t) ai . 

Remark. We recall the combinatorial description of the dj. Take M = Mj in 
(3.1) and form the generating series 



H{t) = yw {i)? 

Then 



i=0 



w (i - t) k 
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We generalize Theorem 4.10 to the affine case. (The corresponding generalization 
of Theorem 4.14 is somewhat more involved so we postpone that to a future article.) 
Let 

/ = y^ j ajX e Wglxf 1 , . . .,x^-,Xk+i, ■ ■ .,£„]. 

For each subset A C {k + 1, . . . , n}, let /a be the polynomial obtained from / by 
setting Xi = for all i G A. Then 

(4.15) f A = ]T a jX j e¥[xt 1 ,...,x^ 1 ,{x i }^ A }, 

j&Ja 

where J a = {j = {ji, ■ ■ ■ ,j n ) S J I ji = f° r i & A}. We call / convenient if for 
each such A one has 

dimA(/ A )=dimA(/)-|^l- 
Suppose / is convenient and nondegenerate relative to (A(/), Mj). The hypothesis 
that / be convenient guarantees that j a is also convenient, and the hypothesis that 
/ be nondegenerate relative to (A(/), Mj) implies that j a is nondegenerate relative 
to (A(/a), Mj n R(J A ))- By Proposition 4.5(a), we must then have Mj n K(Ja) C 
Mj a . The reverse inclusion is clear, so 

(4.16) M Ja = M., r\R(J A ) 

and we conclude that /a is nondegenerate relative to (A(Ja),Mj a ). Applying 
Theorem 4.10, we get that 

(4.17) L(T^J A ;tY-^-^ p A{t y"-^^ 
where Pa(£) is a polynomial of degree 

(4.18) degP A (t) = (dim A(/ A ))! (/a). 
The standard toric decomposition of affine space gives 

S ra (T k xA"- k ,/)= J2 S m (T n -^,f A ), 

AC{fe+l,...,n} 

hence 

(4.19) L^xA- 1 ,/;^" 1 )"" 1 = J] ^(T^l,/^- 1 )""'*'"^ 1 ) 1 * 1 . 

AC{fe+l,...,n} 

Put 

"(/) - E (-l) |A| (dimA(/ A ))!VW, A (/A). 

AC{fc+l,...,ra} 

Theorem 4.20. If f e F 9 [a;f x , . . . , rr^ 1 , Zfc+i, . . . , x n ] is nondegenerate relative to 
(A(/),Mj) and convenient, then 

(4.21) L(T k x A"- fc , /; t)^ 1 ^ 1 = Q(t) 5 "~ d ' m A</) , 
where Q(t) is a polynomial of degree v(f). 

Proof. It follows from (4.17) and (4.19) that (4.21) holds with 

(4.22) Q(t)= J] ^(t) ( - 1)|A| , 

AC{fc+l,...,ra} 

a rational function of degree v(f) by (4.18). It remains only to show that Q(t) is a 
polynomial. 
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In the proof of Theorem 4.10, we constructed a complex Q* satisfying 

(4.23) H l {n') = (ir i (fT))("~ d "- (/) ) 

and L(T™,/;t)( _1 ) n-1 = P(t) <5 "~ d,m A</> , where 

(4.24) P{t) = det(J - ta n \ H n (Q')). 

Since / is nondegenerate and convenient, each of the polynomials Ja satisfies the 
hypotheses of that theorem, so analogous assertions are true. Let 

n m A : o-> n° A -> > n n A lAl -> o 

be the corresponding cohomological Koszul complex with differential operators 
{Df}igA and Frobenius operators {af}™^' 4 '- We have 

i < i fn — dim A(/)N 

(4.25) H l (fl A ) = (H n -^(n A ))( n-\A\-i ) 
and L^-W./a;*)*- 1 )"" 1 ' 11 " 1 = F A (i) n ~ dimA(/) , where 

(4.26) P A {t) = det(J - tojJ_| A | | JF 1 ^^- )). 

There is an exact sequence of complexes (see Libgober-SperberJT^J Eq. (4.1)]) 

|A| = 1 |A|=2 

Let f2* = ker(fi* — > ®i^i =1 f2^[— 1]), so that there is an exact sequence 

(4.27) O^n'^il'^ V A [-l}^...^Sl' k+l! M [- n + k ]^0. 

\A\ = 1 

Equations (4.23), (4.25), (4.27), and induction on n — k show that 

(4.28) ZP(Q') S (H n (ti m ))("~ d ^ m ). 
Equation (4.27) implies that 

n 

(4.29) Y[ det(7 - ta, | JZ*(fi'))<- 1 > 1+1 = 

n-\A\ 

n ( n det(/-^ifl*(ni))c-^ M,+i ) 

AC{fe+l,...,n} ^ i=0 ' 

The inner product on the right-hand side of (4.29) equals L(T n_ l A l,/x,t)^ _1 ^ , 
hence by (4.19) the right-hand side equals L(T k x A"- fc , /; i). By (4.28) the left- 
hand side equals 

n-dim A(/) 

II det(I-t q <a n \H"((i'))^-r- d l &(f) ). 

i=0 



We thus have 

L(T k x A"- fc ,/;t)(- 1 )"" 1 = det(J-ffi„ | H 71 ^)) 6 "'*™^. 
Comparison with (4.21) then shows that 

Q(t) = det(I-ta n | 

hence is a polynomial. □ 
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We explain how to compute the archimedian absolute values of the roots of the 
polynomial Q(t) under the hypothesis of Theorem 4.20. Take M — Mj and let 
g be the Laurent polynomial associated to / by (4.1). As noted in the proof of 
Proposition 4.3, the linear transformation m >—> d~ Uj, i = 1, . . . , k, identifies the 
faces a of A(/) with the faces a' of A(g). In particular, the face A(/a) of A(/) 
will correspond to some face a' A of A (g). Let gA denote the sum of those terms 
of g whose exponents lie on the face a' A (so that A (pa) = o~' A ). By the Remark 
preceding Proposition 4.3, we have 
(4.30) 

L(Tr-l^l,^;f)(- 1 ) n " |A| - 1 =i(T"-l A l,/ A ;t)(- 1 ) n " |AH1 =P A (t) 5,l " dlmA(/) . 

The nondegeneracy of /a relative to (A(/a), Mj a ) implies the nondegeneracy of gA 
relative to (A(g A ), Z dim A (s- 4 )). We can thus apply the results of [4] and [8] to g A 
to compute the number of roots of -Pa(£) of a given archimedian weight. By (4.22) 
and the fact that Q(t) is a polynomial, we then get the number of roots of Q(t) of 
a given archimedian weight. 

For applications in the next section, we calculate the number of reciprocal roots 
of largest possible archimedian absolute value q( dlm A (/))/ 2 of Q(t). For A ^ 0, 
all reciprocal roots of P A (t) have absolute value < g( dlm A (/))/ 2 ; so this is just 
the number of reciprocal roots of P${t) of absolute value g( dlm A (/))/ 2 . By (4.30), 
this can be obtained by applying [4, Theorem 1.10] to g: the number U><jimA(/) of 
reciprocal roots of highest weight is 

(4.31) w dimA(f) = (-l) dimA(9) - dimCT '(dima')!Vi dlm ^(a'). 

(0,...,0)C<7'CA(g) 

Since A(g) is obtained from A(/) by an explicit linear transformation, we can 
express this in terms of invariants of A(/): 

(4.32) w dimA{f) = ]T (-l) dimA ^- dimCT (di m a)!y Mj >), 

(0,...,0)C<tCA(/) 

where J a = J n o. 

We note an important special case of this formula. If every face of A(/) that 
contains the origin is of the form A(/a) for some A C {fe+1, . . . , n}, the right-hand 
side of (4.32) is just v(f). This gives the following result. 

Corollary 4.33. Under the hypothesis of Theorem 4.20, if every face of A(/) that 
contains the origin is of the form A(/a) for some A C {fc + 1, . . . ,n} 7 then all 
reciprocal roots of Q(t) have archimedian absolute value g( dlmA (/))/ 2 . 

As a special case of Corollary 4.33, we note the following result. 

Corollary 4.34. If f € ¥ q [x\ , . . . , x n ] is nondegenerate relative to (A(/),Mj) 
and convenient, then L(A n , /; £)( -1 ) is a polynomial of degree v{f) all of whose 
reciprocal roots have absolute value q n / 2 . 

5. Examples 

We explain how Theorem 4.20 implies a generalization of the result of N. Katz 
quoted in the Introduction. 
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Proposition 5.1. Let f G ¥ q [x\, . . . ,x n ] have degree d = p k e, (e,p) = 1, and 
suppose that every monomial appearing in f has degree divisible by p k . If f^ d \ the 
homogeneous part of f of degree d, defines a smooth hypersurface in P™ _1 7 then 
L(A™, /; is a polynomial of degree 

(5-2) u(f) = ^((d-ir + (-l)> fe -l)) 

all of whose reciprocal roots have absolute value q 11 / 2 . 

Proof. Let e' 1 ), . . . , e'™) denote the standard basis for R™. Over any sufficiently 
large extension field of ¥ q , we can make a coordinate change on A™ so that / 
is convenient and for any A C {l,...,n} the intersection of f^ = with the 
coordinate hyperplancs {xi = 0}i e A is smooth. In particular, the equations f^ = 
define smooth hypersurfaces in f n ^\ A \^ 1 . The Newton polyhedron A(/) is then the 
simplex in R™ with vertices at the origin and the points {cfeM}™ =1 . The faces of 
A(/) not containing the origin are the convex hulls of the sets {de^} ie A- It will 
be simpler to index these faces by their complements: let a a denote the face which 
is the convex hull of {de^} i( £A- 

Write / = J2je.j a j xj , J a finite subset of N". Let M C Z™ be the subgroup 

M = {(ui, . . . , u n ) £ Z" | ui H h u„ is divisible by p k }. 

Since all monomials in / have degree divisible by p k , it follows that Z(J) C M. In 
fact, Mj C M. To see this, let (u\, . . . ,u n ) G Mj. By definition, there exists an 
integer c prime to p such that c(ui, . . . , u n ) G Z(J). This implies that c^™=i u i 
is divisible by p k . But since (c,p) = 1, one has Y^i=i Ui divisible by p k , therefore 
(ui, . . . , u n ) G M. 

We claim that / is nondegenerate relative to (A(/), M). As basis for M we take 
the elements 



(p fc ,0,...,0)U{(-l,0,... ,0,1,0,. ..,0)}? = 



2- 



where the "1" occurs in the i-th position, and as basis for L = Homz(M, Z) we 
take the "dual basis" , namely, the linear forms 

£ 1 (u 1 ,...,u n )= p~ k (ui H \-u n ) 

and 

£i(ui, ...,u n )=Ui 

for i = 2, . . . , n. Let iC {1, . . . , n} and let a a be the face of A(/) defined above. 
Note that 

f<7A '■= ^ a j X ^ = Ia 

jeJna A 



We must thus check that {Et^f^)}"^ have no common zero in (F*)". But 



and 



E ll {f A d) ) = e- 1 f A d) 



dx 

for i = 2, . . . , n, so we must show that the system 
(5-3, 



dx 2 dx n 
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has no solution in (F*)™. Since p \ d, the Euler relation implies that any common 

zero of {xidf^ /dxi}^ =2 is also a zero of x\df^ /dx±, thus the system (5.3) is 
equivalent to the system 

(5.4) f\ '=x 1 —^- = --- = x n —^- = 0. 

ox i ox n 

Furthermore, Xi does not appear in f A if i € A, hence the solutions of (5.4) in 
(F* )" are exactly the solutions of the set 

(5.5) {ff}U{dff/d Xi }^ A 

in (F*) n . However, the equation — defines a smooth hypersurface in 

p™-!- 4 !- 1 ^ so arL y common zero of the set (5.5) must have Xj — for all i $ A. 
In particular, (5.5) has no common zero in (F* ) n . This implies that (5.4) has no 
solution in (F*)™, proving the nondegeneracy of / relative to (A(/),M). 
We can now compute v{f). By Proposition 4.5(a) we have M — Mj, so 

■ MjJ = p k for all A ± {1, ... , n} 

and 



(n-\A\)\V{j A )/[ir-M:Mj A \ = 
Then clearly 




,n}. 



1 



v(f) = ^((d -ir+(-i) v-i)) 



and the assertions of Proposition 5.1 follow from Theorem 4.20. Finally, note that if 
L(A n , /; t)( -1 )" is a polynomial of degree (5.2) over all sufficiently large extension 
fields of Fq, then the same is true over ¥ q itself. The assertion about the absolute 
value of the roots follows immediately from Corollary 4.34. □ 

Remark. There are many results in the literature that, like Proposition 5.1, 
assert that L(A n , /; tp -1 ' is a polynomial if defines a smooth hypersurface 
and some additional condition is satisfied (see [7J Theoreme 8.4], [51 Theorem 1.11 
and the following remark], [10l Theorem 3.6.5], [6l Theorem 3.1]). One might ask if 
any additional condition is really necessary. Consider the three- variable polynomial 

/= (z p ~ z) + x p - 1 y + y p ~ 1 z. 

The homogeneous part of degree p is smooth but / has the same L-function as 

g = x p - 1 y + yP- 1 z. 

Since £ zeFg ^{y p ' l z) = if y ^ 0, one calculates that J2x, y ,ze¥ 3 * (sO 3 ^ V, *)) = <f '■ 
This gives L(A 3 , f;t) = (1 — <7 2 <) _1 , showing that smoothness of alone is not 
sufficient to guarantee that L(A n , f\t)^~ 1 ^ will be a polynomial. 

We apply Theorem 4.20 to compute the zeta functions of some possibly singular 
hypersurfaces. Let / € ¥ q [x\, . . . , x n ] be a homogeneous polynomial and let X C 
P" _1 be the hypersurface / = 0. Write the zeta function Z(X/¥ q ,t) of X in the 
form 



(5.6) Z(X/¥ q ,t) = 



(l-t)(l-qt)...(l-q"-H)- 
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where R(t) is a rational function. The exponential sum associated to the polynomial 
yf G F g [xi, . . . jXmU^ 1 } can be used to count points on the projective hypersur- 
face X. The precise relation is given in [3J Eq. (6.14)]: 

(5.7) L(A n xT,yf;t)(-V n =R(qt) 6 . 

Proposition 5.8. Suppose that yf € ¥ q [xi, . . . , x„, y ±:L ] is nondegenerate relative 
to (A(y/),Mj) and convenient. Then R(t) is a polynomial of degree v(yf) all of 
whose reciprocal roots have absolute value g(™~ 2 )/ 2 . 

Proof. The assertion about the degree of R(t) follows immediately by applying 
Theorem 4.20 to (5.7). The assertion about the absolute values of the roots of R(t) 
follows immediately from Corollary 4.33. □ 

As an illustration of Proposition 5.8, consider the projective hypersurface X C 
P"™ 1 over ¥ q defined by the homogeneous equation 

f(xx, . . . , x n ) = x" H h x™ + Xx% . . . x n = 0, 

where A 6 ¥ q . If p\ n, this hypersurface is smooth for all but finitely many values 
of A. If p | n, it is a singular hypersurface for all nonzero A (except in the cases 
p = n = 2 and p = n = 3). We describe the zeta function when p \ n. 

Corollary 5.9. Suppose that n = p k e, where k > 1 and (p,e) = 1, and A / 0. 
Then R(t) is a polynomial of degree 

(5.10) degR(t) - ( P k - l)e n - x + e" 1 ((e - 1)" + (-l)"(e - 1)) 

all of whose reciprocal roots have absolute value g(™~ 2 )/ 2 . 

Remark. Note that the second summand on the right-hand side of (5.10) is 
the dimension of the primitive part of middle-dimensional cohomology of a smooth 
hypersurface of degree e. When A = 0, the hypersurface Xq is smooth of degree e. 
(It is defined by the equation x\ + ■ ■ ■ + — 0.) 

Proof of Corollary 5.9. The proof is a direct application of Proposition 5.8. We 
sketch the details. It is straightforward to check that yf is convenient: A(y/) is 
the n-simplex in R" +1 with vertices at the origin and the points 

(n,0,...,0,l),(0,n,0,... ) 0,l),-...(0,...,0,n,l) 

and for each subset A C {1, . . . , n}, one has dim A(yfA) = n — \A\. We have 

J = {(n, 0, . . . , 0, 1), (0, n, 0, . . . , 0, 1), . . . , (0, . . . , 0, n, 1), (1 1, 1)} C Z"+\ 

thus K( J) is the hyperplane in R n+1 with equation u\ + ■ ■ ■ + u n = nv and the 
lattice Z" +1 n R(J) has basis 



B = {(l,-l,0,...,0) ) (0,l,-l,0,...,0) ) ... ! (0,...,0,l,-l,0),(0,...,0,n ) l)}. 
It follows that n\ V n (yf) = Similarly, we have 

( n n-l-\A\ [f\A\<n-l, 



(n-\A\)\V n _ {A{ (yf A ) 



if \A\ = n. 



Let the first n — 1 vectors in B be denoted a,, i = 1, . . . , n — 1. The lattice Z( J) 
has basis 

nai, . . . , na„_ 2 , (n - 1, -1, ... , -1, 0), (!,...,!, 1), 
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from which it follows that Mj has basis 

(5.11) p fe ai, . . . ,p fc a„_ 2 , (n - 1, -1, ... , -1,0), (1, . . . , 1, 1). 

One then checks that 

[Z" +1 nK(J) : Mj] = (p k ) n - 2 . 

For \A\ > 1, the calculation is easier as J A consists of vectors (0, . . . , 0, n, 0, . . . , 0, 1) 
for which the "n" occurs in the i-th entry for i £ A (the vector (1, . . . , 1, 1) does 
not appear). One gets 

(pfc)n-2 if A = 0, 

( p k)n-l-\A\ if 1 < |A| < n- 1, 

1 ii A = {!,..., n}. 



[Z" +1 nR(^):M /A ] = { 
We then have 



(n-\A\)\V n _ ]Al (yf A ) _ ' 



[Z»+i n R(J A ) : M Ja ) 



e n-l-\A\ if i < |A| <n-l, 
1 if A= {!,... ,n}. 



It is now straightforward to check that v(yf) equals the expression on the right- 
hand side of (5.10). 

It remains to check that yf is nondegenerate relative to (A(yf), Mj). The dual 
basis of the basis (5.11) for Mj is the set of linear forms 

i 1 

i \ \ 1 n — i 
ti{ui, ...,u n ,v) = ) j —iij H —u n -ev, i = 1, . . . ,n - 2, 

j=i P P 
£ n -i(ui,...,u n ,v) = -u n + v, 
£ n {U!, ...,u n ,v)=v. 

The polynomials (yf) a for faces a of A(y/) that do not contain the origin are 
exactly the polynomials yf A for A C {1, ... , n}, \A\ < n. If A = 0, we have 

E t n (yf) - E e n -i (yf) = ^v x i ■■■x n , 

which has no zero in (F*) n+1 . So suppose that 1 < \ A\ < n — 1. Then 

yfA = J2y x i- 

Suppose first that n £ A. If 1 G A, then 

E ei (yf A )+eEzJ y f A ) = -eyx n n , 

and if i E A for some i, 2 < i < n — 2, then 

E li {yf A )-E li _ 1 {yf A ) = -eyx n n . 

Neither of these monomials vanishes on (F*) n+1 . If i £ A for alH = 1, . . . , n — 2, 
then A = {n — 1}. In this case we have 

E tl (yf A ) + eE ln {yf A ) = ey{x\ - <), 

E ii {yf A )-E ii _ 1 {yf A ) = ey{x^-x n n ) 
for z = 2, . . . , n — 2, and 
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If the first n — 2 expressions vanish, then yx" = ■ ■ ■ = yx" t _ 2 = yx™. The vanishing 
of the last expression is then equivalent to (n — l)yx™ = 0, which is impossible 
in(F 9 x )™ +1 . 

Now suppose that n E A. If 1 ^ A, then 

E tl (yf A ) + eE ln (yf A ) = eyx\ 

and if i ^ A for some i, 2 < i < n — 2, then 

Ee i (yfA)-Ee i _ 1 (yf A ) = eyx?. 

Neither of these monomials vanishes on (F*)™ +1 . If i G A for i = 1, . . . , n — 2, then 
A contains all indices except i = n — 1 and Et n (yf A ) = yx^_ l , which does not 
vanish on (F^) n+1 . 

Thus yf satisfies the hypotheses of Proposition 5.8. □ 
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